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The Cybernetics of Human Learning and Performance

assign probability numbers that do reflect his degree of belief. Shuford, Massengill
and Albert (1966) derive the necessary and sufficient conditions for a scoring
system that satisfies this criterion for the case of two alternatives and show how to
create a virtually inexhaustible number of such systems. In addition, they give
partial results for the case of more than two alternatives.

An example scoring system for the case of two alternatives is one which

(1) that the student receives a score of | — (1 — P(a))® points if he assigns P(a)
as his degree of belief that ulternative 'a’ is correct when it is in fact correct, and

(2) that he receives | — (P(a))? if he assigns P(a) to alternative 'a’ when it is, in
fact, incorrect.

Thus, if as before, the student has a degree of belief of (-75 that alternative ‘o'
is correct and assigns Pla) = 075, his expected score is 0:75 x (1 — (1 — 0:75))
+ 0:25(1 — (1 — 0-25)%) = 0-811. Assigning P(¢) less than or greater than 075
leads to a lower expected score,

The following scheme (mentioned in the text) can be employed for the case of
more than two alternatives and has the advantage over other such schemes that
the student’s score depends only on the value he gssigns to the correct alternative.

Given the correct answer from a sel of exclusive alternatives is the fth aliernative
and the student’s assigned value to the ith alternative is Py, this scheme specifies
that:

(1) if P is greater than or equal to 0-1, he receives 1 + log P, points, and

{2} if P, is less than O-1 he receives — | points.

Condition (2) provides a cut off point that gives a point scale running from — 1
to + 1 {rather than — o¢ to -+ 1), Thus, for extreme values of Py, some information
is lost. In any practical applications, this loss in accuracy is insignificant,
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Appendix C

1 Fuzzy Operations (Zadeh)

For a thorough description the reader is referred to Goguen (1968 and Zadeh
(1973). The following notes and definitions are chiefly intended to indicate the kind
of operation we have in mind and to convince the diffident reader that the concept
of a fuzzy operation is not, itsell, luzzy (or vague).

A fuzzy subset X of 4 universe U (here a set of objects, see footnote on the first
page of Chapter 1) is defined by a function Cx{u) or Cy: U — {Interval 1, 0} that
assigns a ‘prade of membership’ to each element of U. Those elements of U/ that
are associated with positive values (C) of Cx{u) are called the support of X. A fuzzy
unit set {x} has one support 4 € U and a positive grade of membership C,, (U).
Using a slash notation to designate grades of membership, i.e. Clu. A non-fuzzy
unit set is 1/u. X itself is the union (written L'\, Zadeh uses the integral to com-
prehend indefinitely large unions) of certain fuzzy unit sets. That is

X UN(Cifu)
u & support
The complement of X is
Neot X A UNJ(1 = Clu)jw)
el
The union of fuzzy sels X, ¥, is
Or (X, Y) & (UN/) Cx(w) P Cylu)lfu
uel
where ¥ is the maximal operator;
rifr = sl

rPs= Hﬂx{r,;]_—"i{
sifr>>r

The intersection of fuzzy sets X, Yis

and (X, ¥) & UN[C=(w) A C,(u)}u
uell

where /\ is the minimal operator

r&:-MIu[m}&[:EJ}rJ

ifr}.r-
313
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Glossary

The items are arranged in an order conducive to rational development,
The list is short enough to be scanned readily and the looked-for-item
discovered without difficulty.

Set S A collection of unordered unitary elements. Membership in the
collection is written ‘e’ so that s € 5§ means ‘element 5 is 2 member of set £°,

Sabset X a “portion of a set’ (written, X' < §) ‘either a portion of or all of,
a set’ (written, X' £ 5). If the clements of subsets are specified explicitly
the elements in question are enclosed in brackets (curly brackets, to
distinguish them from ordered sets as below). For example, if §=
{a,b,c,} then some subsets are X = {a,b} and ¥ = {a,c}.

Power Set The set of all subsets of a set (usually, including the mull or
empty set). For example, if § has clements {a,b,c} then the Power set of §
is {a}, {B}, {c}, {a.b}, {a.c}, {b,c), {ab,c), Null.

Intersection, Union I X and ¥ are subsets of 8 then X' N ¥ is the infer-
section of X and Y (the subset of elements of § that belong to X and to ¥)
whilst X' W ¥ is the wnion of X with Y (the subset of elements of § belong-
ing either to X or to Y or both).

Complement with respect to S The complement of X is S — X the ele-
ments of § that do not belong to X.

Disjoint Subsets of S are subsets, X, ¥(X¥ = 8, Y= S)suchthat Yn ¥
is void. Hence, Y E §S=Yand Y 2 S= X.

Property That which is common to the members of a set (for example, if
S is the set of things, X of red things, then X is the property ‘redness’).
Cartesian Product for two or more sets, § and 7, their Cartesian product,
S x T, is the collection of all ordered pairs ¢s5,r) with one element taken
from S, and one from 7" (for example, all pairs of men and women).
Ordered pairs are often called 2-tuples; this generalises, for an ordered set
of m elements, to n-tuples <5, . .. 5, €8, X ... X S,
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Relation R A relation, given as a listing, is a subset R = § x T (for
example, if R is ‘married to', then R contains all those men and women
who are husband and wife). R may also be represented by a mapping or
series of linkages between the clements of S and 7. In a monogamous
society R is a one to one mapping. Generally, R may consist in any one,
one; one, many; Many, one; or many, many mapping and it may involve all
or only some of the elements (those involved are called R's domain and
codomain or range). In general, also R = §; x ... x §,, and » is called
the adicity of the relation (thus R = § x T is a 2-adic or binary relation).

Function F A kind of relation; cither a one to one or many to one mapping
with specified domain. If the domain is less than an (understood) set the
function is a ‘partial’ function. Since F is specified as a relation £ < §,; X
<o % 8, n is the adicity of the function (or, equivalently, F is a
function of # variables).

Variable A named indexing device that assumes but one value at once. For
example, a variable v that ranges over the elements s of S; a variable v
that ranges over the elements 1 of 7. The values of u denote elements of
S, the values of v denote elements of T in general, a vector iy ... 1)
of n variables index the elements of 5, X ... X §, and its values stand for
ntuples {5, ... SPES; X ... X S,

Classes of Functions Functions are often classified by their domainfrange
for example, *Boolean Functions’ of a variable assuming values {0,1} (or
‘True/False’) and having possible values {0,1}; an integer-arithmetic
function (of a variable with integer values). Functions are also classified
according to the number of variables needed to index their domain, Thus
F(u) is a 1 place function.

Assertoric Logic (In contrast to command logics and question logics
considered in the text). A language together with rules for usage (syntax)
and inference (see below). Statements in the language are given semantic
interpretations; commonly as denoting relations and conditions that hold
in one Or more sets.

Proposition p (in a language) A statement like *s is red’ or *s is married
to 1’ and interpreted, if true, as‘se X" or ‘(s e R S xX I,

Predicate P An adjective. Equisignificantly, the name for a (usually
partial) function from a set S to a set of truth values. Commonly, the truth
value set is taken to be {1,0} (indicating *true’ and ‘false’) but this is not
always the case (see, for example, the Fuzzy sets in Appendix C). If w is a
variable indicating members, s, of a set, S, then P(u) = True, is a one place
predicate statement, meaning that the pointed at element has the property
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The Cybernetics of Human Learning and Performance

Miscellaneous Mathematical terms A graph is a structure consisting of
nodes (drawn as points) and connecting ares that join some or all of the
nodes. In a directed graph the arcs are directional and ofien called edges.
Both nodes and edges are labelled (for example, nodes may represent
members of a group; edges, paths of communication between the mem-
bers). Formally a directed graph is a binary relation on a set of nodes.
Though graphs are often invoked, familiarity with them is not essential.
The interested reader should consult C. Berge's The Theory of Graphs
{Methuen, 1962) and Busaker and Saaty's Finite Graphs and Networks
(McGraw-Hill, 1965). Occasionally we refer to Games with the meaning
given in game theory or Decision Theory. Again, little background knowl-
edge is necessary, but readers intrigued by Game Theory will find Luce
and Raiffa’s Games and Decisions (Wiley, 1957) still the most readable
and informative reference.

Miscellaneous Statistical Terms Used in discussing experimental results
The following comments are superficial but easily augmented by reference
to any elementary statistics text book. The mean of a set of observations
is their average (arithmetic mean) value. The variance is an index of
scatter about the mean (usually the standard deviation, abbreviated as SD
is cited; this quantity is the square root of the variance). A significance
level (cited as a probability or a percentage) is attached to any serious
comment or finding; the usual values are 1% and 0-1% (or p = 0-01 and
p = 0-001). Thus an assertion that any numerical quantity is significant
at the 0:1% level (or 0001 = p) means that the quantity might have
assumed this value haphazardly or randomly with 1 chance in 1000
Statistical tests are employed in stating hypotheses about absolute values,
differences between mean values, and frends (for example, ‘the difference
is significant at the 019 level’), Correlation coefficients measure the
undirected (other than random) association between quantities; once
again, correlations are quoted together with a properly calculated level of

significance.
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